In this paper we investigate the entropy of the free gravitational field for a given epoch for some well known inhomogeneous and/or anisotropic cosmologies. We use the definition of gravitational entropy proposed by Clifton, Ellis and Tavakol, where the 2-index square root of the 4-index bell Robinson tensor is taken to be the energy momentum tensor for the free gravity. We transparently show that in the vicinity of the initial singularity, the ratio of energy density of free gravity to that of matter density goes to zero, validating Penrose conjecture on Weyl curvature.
I. INTRODUCTION
The proposal of gravitational entropy attempts to provide a sense of sequence to gravitational processes, and remains as one of the open problems in General Relativity (GR) till today. Although a suitable definition of gravitational entropy in the case of stationary black holes was available in literature for quite some time [1] , but a universally agreeable analogue in the case of cosmology has been under the process of formulation till late.
It is well-known that GR is plagued by the problem of spacetime singularities. However, forty years back, Roger Penrose [2] put forward his belief that this problem was a consequence of the limitations of the "very notion of spacetime geometry" and the corresponding physical laws. According to him, the problem of spacetime singularities held the key to the "origin of the arrow of time". Several researchers [3, 4] based their studies on the notion of this arrow of time.
Originally Penrose proposed the Weyl curvature hypothesis (WCH), which merely required that the Weyl tensor should be zero at the big bang singularity [5] . This means that subsequently the evolution of the universe must be close to the homogeneous and isotropic Friedman-Robertson-Walker (FRW) model. Assuming the existence of "gravitational entropy", Penrose argued that the principle of increase in entropy implies that the big bang singularity should be of low entropy, which is related to the "absence of clumping of matter", which could be related to the absence of Weyl tensor, so that the big bang singularity must have been a regular one. Thus the universe could evolve to its observed FRW form and be consistent with the second law of thermodynamics [4, 6] . If matter was approximately under conditions of thermodynamic equilibrium during the big bang, then it requires a corresponding low entropy in the gravitational field. Although the big bang would normally be considered as a state of maximum entropy (assuming thermal equilibrium), but in reality the entropy of the universe is found to be increasing. This apparent paradox may be due to the omission of gravitational degrees of freedom, and the gravitational entropy of the big bang was actually low. An increase in gravitational entropy would imply the increase of local anisotropy, represented by the Weyl tensor. Therefore Penrose proposed that the gravitational entropy should be related to a suitable measure of the Weyl curvature, and the condition of low entropy should enforce constraints on the Weyl curvature. All these implied that some suitable dimensionless scalar must be asymptotically zero. Therefore, the determination of the gravitational entropy function requires the construction of this scalar function.
Wainwright and Anderson discussed the evolution of a class of exact spatially homogeneous cosmological models of Bianchi type V I h [7] . It is known that solutions of type V I h cannot approach isotropy asymptotically at large times. They infact become asymptotic to an anisotropic vacuum plane wave solution. Nevertheless, for these solutions the initial anisotropy decays and leads to a stage of finite duration in which the model is close to isotropy. Depending on the choice of parameters in the solution, this quasi-isotropic stage can commence at the initial singularity, in which case the singularity is of the type known as "isotropic" or "Friedmann-like". The existence of this quasi-isotropic stage implies that these models can be compatible in principle with the observed universe. Inspired by the weyl curvature hypothesis Goode and Wainwright [8] gave the geometric definition of the concept of 'isotropic singularity' and showed that the Weyl tensor is dominated by the Ricci tensor at this scalar polynomial curvature singularity.
Senovilla [9] showed that the Bel-Robinson tensor is quite suitable for providing a measure of the energy of gravitational fields. Following his work, there were several attempts to define the gravitational entropy on the basis of the Bel-Robinson tensor on one hand, and also in terms of the Riemann tensor and its covariant derivatives [4, 6] . Lake and Pelavas [4] introduced a class of "gravitational epoch" functions which were dimensionless scalars, one of which was built from the Riemann tensor and its covariant derivatives only, denoted by P . Other alternative functions involving the Bel-Robinson tensor were also suggested by them. They analyzed whether such functions could be regarded as gravitational entropy function or not. Other dimensionless scalars have also been considered, for example by [10] , which are constructed from the Riemann tensor and its covariant derivatives.
In spite of all these efforts, there was still doubt regarding the definition of gravitational entropy in a way analogous to the thermodynamic entropy, which would be applicable to all gravitational systems. Several attempts were also made to explain the gravitational entropy of black holes. Among them one interesting approach is to handle the problem from a phenomenological point of view as proposed in [11] and expanded in [12] , in which the Weyl curvature hypothesis is tested against the expressions for the entropy of cosmological models and black holes. They considered a measure of gravitational entropy in terms of a scalar derived from the contraction of the Weyl tensor and the Riemann tensor, and matched it with the Bekenstein-Hawking entropy [13, 14] . Recently, Guha and Chakraborty [15] investigated whether the prescriptions for calculating gravitational entropy as proposed in [11] and [12] could be applied to the case of the accelerating black holes. They found that such a definition of gravitational entropy works pretty well for the accelerating black holes and charged accelerating black holes, except for the rotating charged accelerating metric.
An important proposal was offered by Clifton et al [16] , who provided a measure of gravitational entropy based on the square root of the BelâĂŞRobinson tensor which was motivated by thermodynamic considerations, and has a natural interpretation as the effective super-energy-momentum tensor of free gravitational fields. They applied this construction to several cases, including cosmological ones, and found that the specific form of this measure depended on the nature of the gravitational field, namely, whether it was Coulomb-like or wave-like. However, this definition of gravitational entropy is only valid for General Relativity, where the Bel-Robinson tensor can be defined in this way. In the subsequent text, we refer to this formulation as the "CET proposal".
In this paper we have examined the validity of the proposed definitions of gravitational entropy in the context of some exact cosmological solutions of the Einstein's field equations. In the next section we will first discuss the formalism of calculating gravitational energy density and temperature, which then provides us the formalism of defining the gravitational entropy of a physical system. In Section III we have considered some cosmological models and calculated all the relevant functions like the normalized epoch function, gravitational energy density, gravitational temperature and the gravitational entropy. The Summary is presented in Section IV.
II. GRAVITATIONAL ENTROPY
In the following proposals, the measure of gravitational entropy is based on the Bel-Robinson tensor, which is defined in terms of the Weyl tensor in the form [17, 18] 
where C * abcd = 1 2 η abef C ef cd is the dual of the Weyl tensor. The important property of this tensor is that it is overall symmetric, tracefree, and is covariantly conserved in vacuum or in presence of the cosmological constant. The factor of 1/4 gives a natural interpretation of the Bel-Robinson tensor in terms of the Weyl spinor [19] . A measure of gravitational entropy was constructed by Pelavas and Lake [4] and Pelavas and Coley [6] , which had the form
where the epoch function W was defined using the Bel-Robinson tensor T abcd and the observer four velocity. The epoch function so constructed was therefore observer dependent and non-negative. Exploring the correspondence between electromagnetism and general relativity, Maartens and Basset [20] considered a 1 + 3 covariant, nonperturbative approach, where the free gravitational field was covariantly characterized by the Weyl gravito-electric and gravito-magnetic spatial tensor fields. They demonstrated the covariant analogy between the tensor Bianchi equations and the vector Maxwell equations, and presented the important result that the Bel-Robinson (BR) tensor is a "unique Maxwellian tensor" which could be constructed from the Weyl tensor, which behaves as the "super energy-momentum" tensor for the gravitational fields. The only problem was that the dimension of the BR tensor is L −4 and not L −2 (where L is the unit of length), which is the expected dimension for the energy momentum tensor. Based on this work, Clifton, Ellis and Tavakol [16] proposed that the symmetric 2-index square root t ab , of the BR tensor should act as the effective energy momentum tensor for free gravitational field. Subsequently Goswami and Ellis [21] constructed a tensor describing the interaction between free gravity and matter, which is taken to be the symmetric two index square root of the BR tensor.
In the CET proposal of gravitational entropy, rather than constructing the entropy measure as an integral along a timelike curve, they employed integrals over spacelike hypersurfaces. They used the gravito-electromagnetic properties of the Weyl tensor to express the epoch function in both of the ways as follows:
Here W is the "Super energy density" and E ab , H ab are the electric and magnetic parts of the Weyl tensor respectively.
Therefore from this symmetric and tracefree four-index tensor T abcd , one can define a symmetric two-index âĂĲsquare-rootâĂİ, t ab , which is a solution of the equation
In spacetimes of Petrov type D or N, although the solution to the above equation is unique for a tracefree t ab , but that does not necessarily lead to a quantity that is conserved in vacuum. Therefore the square-root of the Bel-Robinson may be chosen to inherit its tracefree property, or for its conservation in vacuum, but not necessarily both at the same time. For Petrov type D spacetimes, with two double principal null directions, and a Coulomb-like gravitational field, the tracefree square-root can be written in the form
where Ψ 2 = C abcd k a m bmc l d is the only non-zero Weyl scalar. The complex null tetrad is defined as
where x a , y a and z a are spacelike unit vectors, which form an orthonormal basis together with u a , g ab = 2m (amb) − 2k (a l b) , with l a and k a being aligned with the principal null directions. For a thermodynamic description of the free gravitational field, the effective energy density is the following
where
with α as a constant and ρ grav ≥ 0. In order to calculate the entropy according to thermodynamic prescriptions, one must know the "temperature", T grav , of the free gravitational fields. Since it is known that in order to know the temperature, one must know something about the underlying microscopic theory, and it is naturally, the CET proposal assumed that a thermodynamic treatment of the free gravitational fields is very much similar to that of standard thermodynamics. This was the motivation for looking into the results of black hole thermodynamics, and quantum field theory in curved spacetimes. Therefore they required the definition of temperature to be local (instead of being defined for horizons only), which reproduced the expected results from semi-classical calculations in Schwarzschild and de Sitter spacetimes. The temperature at any point in spacetime was given by the following expression:
where l a = (u a − z a ) √ 2 , and k a = (u a + z a ) √ 2 , are the real vectors in a complex null tetrad, z a is a spacelike unit vector aligned with the Weyl principal tetrad, and H = Θ 3 is the isotropic Hubble rate.
III. GRAVITATIONAL ENTROPY OF SOME COSMOLOGICAL MODELS

A. Liang model
An example of an exact solution of the Einstein's field equation with an irrotational fluid source with the equation of state p = 1/3µ, energy density µ = T ab u a u b = 3/(4t 2 A 2 ), and fluid velocity u = A −1/2 ∂ ∂t , representing the radiation dominated universe, and whose initial singularity is 'Friedmann-like' as considered by Liang (1972) [22] , is represented by the metric
where A = 1 − (4ǫb 2 t)/9, b ≡ constant, f (y) = siny, ǫ = +1 & f (y) = sinhy, ǫ = −1. In our subsequent calculations we will take ǫ = 1.
The expansion scalar of this model is
Apparently this model expands in the interval 0 < t < 9 8b 2 , since Θ > 0 in this range, and then shrinks in the interval 9 8b 2 < t < 9 4b 2 , for which Θ < 0 . Therefore we will consider the range of t as 0 < t < 9 8b 2 , since it represents an expanding universe. The acceleration vector and the rotation tensor turns out to be zero in this case.
The corresponding components of the shear tensor are
We now compute the velocity dependent gravitational epoch function for this metric using the Bel-Robinson tensor:
The normalized dimensionless scalar constructed from this quantity has the form
As t → 0 + , the normalized Bel-Robinson epoch function vanishes, i.e.P → 0, andP increases monotonically as one moves away from the isotropic singularity.
For the sake of computation, we will use the following timelike and spacelike unit vectors in accordance with the Weyl principal tetrad:
and z a = 0, 1 3 −4b 2 t + 9 t , 0, 0 .
The null cone is defined by the vectors k a = (u a + z a ) √ 2 , l a = (u a − z a ) √ 2 (which therefore lie in the t, x plane). The (m,m) plane is defined by m a = (x a − iy a ) √ 2 , where the spacelike vectors are defined as x a = 0, 0, 9b t(9 − 4b 2 t) 2 , 0
and y a = 0, 0, 0, 9b
The gravitational energy density for this Petrov type D spacetime, obtained from the epoch function W , is given by
This spacetime is of Petrov D type and the Weyl scalars are Ψ 0 = 0, Ψ 1 = 0, Ψ 2 = − 2b 2 9tA 3 , Ψ 3 = 0, andΨ 4 = 0.
Therefore the relation |Ψ 2 | = 2W 3 is satisfied in this case (as given in 8).
The gravitational temperature is given by the expression
We can see that in order to have a non-negative gravitational energy density and temperature, we require the condition A > 0, which also implies that 0 < t < 9 4b 2 . Finally, from the definition of gravitational entropy we have
Thus
Here we can identify (x, y, z) as (r, θ, φ), where x acts as the "radial" co-ordinate, θ ∈ [0, π], φ ∈ [0, 2π] and the (y, z) plane is the (m,m) plane. Therefore the resulting expression for gravitational entropy will be obtained as
From the above equation (20), we can see that the gravitational entropy is non-negative and monotonic. Further, the above analysis clearly shows us that as t → 0, A → 1, both the gravitational energy density ρ grav and the temperature T grav blow up. Consequently, in the limit t → 0, the gravitational entropy becomes S grav → 0, which is in agreement with the Weyl curvature hypothesis.
B. Szekeres model
Let us now consider the spatially inhomogeneous models with irrotational dust as source , i.e. the class II Szekeres solution of the Einstein's field equations. The metric under our consideration is the following:
where the function A is defined as
In the class II Szekeres models, the parameters a(z), b(z), c(z), andβ + are arbitrary smooth functions of z, which gives us the freedom of choosing coordinates. For β + = 0, the class II Szekeres solution reduces to FRW metric. We also observe that if we assume a = 1, b = 0, c = 0 further, i.e, A = 1, we get the Cartesian form of FRW metric directly. The fluid four velocity is defined as u = t −2 ∂ ∂t and the energy density is given by µ = 12
If the energy density is be non-negative, then we need the conditions to be satisfied: A > 0, (A − β + t 2 ) > 0. This imposes a bound on t because 0 < t < A β + . The expansion scalar of the universe is obtained as
Thus this model is expanding throughout the cosmic time since Θ > 0 in the allowed range of t due to the fact that
The shear tensor in this case is given by
,
Once again using the fluid 4−velocity, we construct the positive scalar from the Bel-Robinson tensor:
Therefore we get the normalized dimensionless scalar in the form
Thus, as t → 0 + , the normalized Bel-Robinson epoch function vanishes (P → 0). Let us construct the timelike and spacelike unit vectors in accordance with the Weyl principal tetrad so that u a u a = −1, z a z a = 1 and u a z a = 0, to get
and z a = 0, 0, 0, 1
Hence the null cone is defined by the vectors k a = (u a + z a ) √ 2 and l a = (u a − z a ) √ 2 . Consequently the (m,m) plane is defined by m a = (x a − iy a ) √ 2 , where the spacelike vectors are defined as x a = 0, 1 t 2 , 0, 0 and y a = 0, 0, 1 t 2 , 0 . From the definition of the gravitational energy density of Petrov type D spacetimes, we get
The above expression of gravitational energy density clearly indicates that for the non-negativity of the gravitational energy density, the following conditions must be fulfilled: β + > 0, A > β + t 2 . Therefore A must be a positive quantity.
This spacetime is also of Petrov D type, and the Weyl scalars are: Ψ 0 = 0, Ψ 1 = 0,
The gravitational temperature is given by
From the above equation (31) it is clear that we require an additional constraint in the form (A − 2β + t 2 ) > 0 in order to ensure the non-negativity of the temperature. Thus the allowed range of cosmic time should be 0 < t < A 2β + .
As before, using the relevant definition, we obtain the expression of gravitational entropy as follows
Although it is not possible to integrate this equation further, but we note that the expression (32) of the gravitational entropy is not only non-negative but is also monotonic. We can also check that as t → 0 + , the gravitational energy density ρ grav and the temperature T grav both diverge, and as a result the gravitational entropy vanishes, i.e., S grav → 0. Moreover we know that β + = 0 gives us the FRW metric and indeed the expression of gravitational entropy (32)becomes zero in that case.
C. Bianchi VI h model
Wainwright and Anderson [7] , showed that in the Bianchi VI h class of models, a suitable choice of parameters may help to represent the quasi-isotropic stage beginning at the initial singularity, leading to an isotropic singularity for these spacetimes. By assuming α c to be small, one can consider deviations about this flat FRW model. In the line element in [7] , we set α s = 0 and α m = 1, so that the line-element in conformal time coordinates is obtained as
The parameter denoted by α c determines the curvature of the spacelike hypersurfaces orthog-
For α c = 0, we obtain the flat FRW solution. In full generality, this metric is of Petrov type I, but the CET gravitational entropy measure only works on the Petrov types D and N. Therefore we will only consider the case for γ = 4/3 which reduces the spacetime to Petrov type D. The resulting Petrov type D metric is given by
The expansion scalar is given by the following expression Θ = 3(2α c τ 2 + 1)
and the shear tensor is
It is evident that this model is also expanding with time as the Θ > 0 for all τ .
We can now easily compute the energy density as
Next we construct the velocity dependent gravitational epoch function from the Bel-Robinson tensor, which yields
In order to construct a dimensionless scalar from this quantity, we normalize the standard epoch function with the square of µ = T ab u a u b to getP
As τ → 0 + , the normalized Bel-Robinson epoch function vanishesP → 0. ThereforeP behaves appropriately as the isotropic singularity is approached. Now, for the analysis of the CET gravitational entropy for this spacetime, we will use the following unit vectors, where u a is a timelike and z a is a spacelike unit vector. Here we choose our vectors such that they specify a Weyl principal tetrad:
and z a = 0, 0, 0,
We note that this choice of tetrads is also supported by the work of Pelavas and Coley in [6] .
As a result of this choice, our null cone is defined by the pair of null vectors k a = (u a + z a From the definition of gravitational energy density we now obtain ρ grav = αα c 2πτ 2 (α c τ 2 + 1) 3 .
(42)
As this spacetime is a Petrov D spacetime, the Weyl scalars are obtained as Ψ 0 = 0, Ψ 1 = 0, Ψ 2 = 2α c τ 2 (1 + α c τ 2 ) 3 , Ψ 3 = 0, andΨ 4 = 0. Therefore the relation (8) 
We note that is not possible to determine the bound of τ in (44).
Here again we find that S grav is non-negative and monotonic in nature, and as τ → 0 + , the gravitational entropy vanishes , i.e.S grav → 0, in accordance with the Penrose's Weyl curvature hypothesis. It is also evident that for α c ≃ 0, the spacetime becomes FRW-like, with vanishing gravitational entropy.
IV. SUMMARY AND CONCLUSIONS
From our analysis we find that in all the three models considered by us, the gravitational entropy goes to zero as we approach the initial singularity and increases monotonically with non-negative value as time goes on. Moreover in each of these cases, the gravitational energy density and the temperature are well-behaved through out the evolution of the conformal time associated with the metric.
In conclusion we can clearly state that the gravitational entropy definitions proposed by Pelavas et. al [6] and Clifton et.al [16] , i.e.P and S grav , are in conformity with the Weyl curvature hypothesis in the case of these cosmological models, and presents a very good description of the gravitational entropy function.
